Abstract. We give a construction of genus fields for Kummer cyclic l-extensions of rational congruence function fields, l a prime number. First we find this genus field for a field contained in a cyclotomic function field using Leopoldt's construction by means of Dirichlet characters and the Hilbert class field defined by Rosen. The general case follows from this. This generalizes the result obtained by Peng for a cyclic extension of degree l.
Introduction
The concept of genus field was defined by Gauss [7] in 1801 in the context of binary quadratic forms. For any finite extension K/Q, the genus field is defined as the maximal unramified extension K ge of K such that K ge is the composite of K and an abelian extension k * of Q: K ge = Kk * . This definition is due to A. Frölich [6] . If K H denotes the Hilbert class field of K, K ⊆ K ge ⊆ K H . H. Leopoldt [10] determined the genus field K ge of an abelian extension K of Q using Dirichlet characters.
For function fields, the notion of Hilbert class field has no proper analogue since the maximal abelian extension of any congruence function field K/F q contains K m := KF q m for all positive integers m and therefore the maximal unramified abelian extension of K is of infinite degree over K.
M. Rosen [14] gave a definition of an analogue of the Hilbert class field for a conguence function field K and a fixed finite nonempty set S ∞ of prime divisors of K. Using this definition, a proper concept of genus field can be given along the lines of the classical case. R. Clement [4] considered a cyclic extension of F q (T ) of degree a prime number l dividing q − 1 and found the genus field using class field theory. Later, S. Bae and J. K. Koo [3] generalized the results of Clement following the methods of Frölich [6] . In fact, Bae and Koo defined the genus field for global function fields and developed the analogue of the classical genus theory (see Definition 2.2). B. Anglès and J.-F. Jaulent [1] used narrow S-class groups to establish the fundamental results of genus theory for finite extensions of global fields, where S is an arbitrary finite set of places. Using the genus theory for quadratic function fields, Y. Li and S. Hu [11] obtained an analogue in the function field framework of the number field case by constructing infinitely many real (resp. imaginary) quadratic extensions K over F q (T ) whose ideal class group capitulates in a proper subfield of the Hilbert class field of K.
G. Peng [13] explicitly described the genus theory for Kummer function fields. C. Wittmann [17] extended Peng's results to the case l q(q − 1) and used them to study the l-part of the ideal class groups of cyclic extensions of prime degree l. Hu and Li [8] described explicitly the ambiguous ideal classes and the genus field of an Artin-Schreier extension of a rational congruence function field. In analogy with the number field case, S. Bae, S. Hu and H. Jung [2] defined the generalized Rédei-matrix of local Hilbert symbols with coefficients in F l . As applications they determined the generalized Rédei matrices for Kummer, biquadratic and Artin-Schreier extensions of F q (T ) and showed that their algorithm for finding the invariant λ 2 for Kummer extensions is different and simpler compared to that of Wittmann. They used their results to determine completely the 4-rank of the ideal class group for a large class of Artin-Schreier extensions that have been used in cryptanalysis and which may lead to a possible method of attack against the discrete logarithm problem on an elliptic curve.
In [12] the genus field of a finite geometric abelian extension of k := F q (T ) was described and as applications the genus fields of cyclic extensions of prime degree over k were found explicitly. The results of Peng and of Hu and Li can be obtained in this way. In that paper were obtained the p-cyclic extensions of k where p is the characteristic.
In this paper we use the results obtained in [12] to describe explicitly the genus field of cyclic extensions of degree l n where l n | q − 1. The case n = 1 is the result of Peng. Our methods are based on Leopoldt's ideas and therefore are very different from Peng's methods which are based on the global function field analogue of P. E. Conner and J. Hurrelbrink's exact hexagon [5] . In [12] we describe the case n = 1 a little differently from how it was described originally. Here we show that using our methods it is possible to give the same description as the one in the original paper.
Cyclotomic function fields
First we give some notations and some results in the theory of cyclotomic function fields [16] . Let k = F q (T ) be a rational congruence function field, F q denoting the finite field of q elements. Let R T = F q [T ] be the ring of polynomials, that is, we choose R T as the ring of integers of k. R + T denotes the set of monic irreducible polynomials in R T . For N ∈ R T \ {0}, Λ N denotes the N -torsion of the Carlitz module and k(Λ N ) denotes the N -th cyclotomic function field. For any function field K/F q , K m := KF q m denotes the constant field extension. For any m ∈ N, C m denotes a cyclic group of order m.
We have
for A ∈ R T . For any finite extension K/k we will use the symbol S ∞ (K) to denote either one prime or the set of all primes in K above p ∞ , the pole divisor of T in k. We understand by a Dirichlet character any group homomorphism χ : R T /(N ) * → C * and we define the conductor f χ of χ as the monic polynomial of minimum degree such that χ can be defined modulo f χ , χ :
Given any group of characters X ⊆ G N (= Hom(G N , C * )), the field associated to X is the subfield of k(Λ N ) fixed under ∩ χ∈X ker χ. Conversely, for any field K ⊆ k(Λ N ), the group of Dirichlet characters associated to K is Gal(K/k).
For any character χ we consider the canonical decomposition χ = P ∈R + T χ P , where χ P has conductor a power of P . We have f χ = P ∈R
If X is a group of Dirichlet characters, we write X P := {χ P | χ ∈ X} for P ∈ R + T . If K is any extension of k, k ⊆ K ⊆ k(Λ N ) and P ∈ R + T , then the ramification index of P in K is e P = |X P |.
In k(Λ N )/k, p ∞ has ramification index q − 1 and decomposes into
In this case the inertia and the decomposition groups coincide. The primes that ramify in k(Λ N )/k are p ∞ and the polynomials P ∈ R + T such that P | N .
We recall Rosen's definition for a relative Hilbert class field of a congruence function field K.
Definition 2.1 ( [14] ). Let K be a function field with field of constants F q . Let S be a nonempty finite set of prime divisors of K. The Hilbert class function field of K relative to S, K H,S , is the maximal unramified abelian extension of K where every element of S decomposes fully.
From now on, for any finite extension K of k we will consider S as the set of prime divisors dividing p ∞ , the pole divisor of T in k and we write K H instead of K H,S . Definition 2.2. Let K be a finite geometric extension of k. The genus field K ge of K is the maximal extension of K contained in K H that is the composite of K and an abelian extension of k. Equivalently, K ge = Kk * where k * is the maximal abelian extension of k contained in K H .
When K/k is an abelian extension, K ge is the maximal abelian extension of k contained in K H . Our main goal in this section is to find K ge when K/k is a cyclic extension of degree l n where l n | q − 1 and K is a subfield of a cyclotomic function field.
and the group of characters associated to K is X, then the maximal abelian extension J of K unramified at every finite prime P ∈ R + T , contained in a cyclotomic extension, is the field associated to Y = P ∈R
In this case p ∞ has no inertia in J/K but it might be ramified.
Theorem 2.5. Assume K ⊆ k(Λ N ) for some polynomial N . Let X be the group of Dirichlet characters associated to K, Y = P |N X P , Y 1 = {χ ∈ Y | χ(a) = 1 for all a ∈ F * q } and J 1 the field associated to Y 1 . Then the genus field of K is
Proof. [12, Theorem 3.6 ]. Now we consider K/k a cyclic geometric extension of degree l n where l is a prime number and such that l n | q − 1. Therefore K/k is a Kummer extension and then 15] ). For the convenience of the reader we present a proof of this fact.
Here we will assume that q ≥ 3. First we want to know when a field k(
Therefore there exists a unique extension of the form k(
Proof. Let Φ P (u) = u P u be the P -th cyclotomic polynomial. We have
Now, every polynomial A ∈ R T , A = 0 can be uniquely written as a product of an element α ∈ F * q and a monic polynomial A 1 : A = αA 1 . Now, λ A = λ αA1 = αλ A . Note that there are exactly q − 1 polynomials A ∈ R T , A = 0 such that A 1 occurs in its factorization as above, one for each of the q − 1 elements of F * q . Therefore
Next, we study the behavior of p ∞ in K/k.
γD) where γ ∈ F * q and D ∈ R T is a monic polynomial l n -power free. Then if e ∞ , f ∞ and h ∞ denote the ramification index, the inertia degree and the decomposition index of p ∞ respectively in K/k, then
Proof. The computation of the ramification index is due to Hasse (see [16, Theorem 5.8.12] ). By Corollary 2.7 we have that p ∞ decomposes fully in k(
Therefore f ∞ = l m . The result follows.
3. The case n = 1
The case n = 1 is due to Peng [13] . In [12] we gave another proof of the result of Peng with the techniques developed there. The description for the genus field in [12] is different from that given in [13] . In this section we obtain the same description as in the original paper.
We will use that for any α ∈ F * q and 1 ≤ e ≤ l − 1, we have k(
Furthermore we arrange the product so that l | deg
Proof. This is a particular case of Proposition 2.8. 
. This is because in the first case p ∞ is already ramified in K and in the second p ∞ is unramified in F/k.
When l | deg D and l deg P r , p ∞ ramifies in F/k and is unramified in K/k. In this case [F : E ge ] = l. Let a s+1 , . . . , a r−1 ∈ Z be such that l | deg(P j P aj r ), that is, deg P j + a j deg P r ≡ 0 mod l, s + 1 ≤ j ≤ r − 1. Let
, where the exponent a j satisfies deg
Now we consider a general K.
Remark 3.3. In any case, for all 1 ≤ i ≤ r and for every a ∈ F * q , the extension k(
is unramified at every finite prime. This follows from the fact that Gal(k(
and we have tame ramification. Therefore the inertia group of any prime divisor is {1} or C l . On the other hand the only finite prime divisors ramified in k(
Case 1: If l deg D, then p ∞ ramifies in K/k and S ∞ (K) is inert in K ge,l /K. If K = E, the inertia of S ∞ (K) occurs in E ge,l /E ge , so that D = Gal(E ge,l /E ge ) and by Proposition 3.2,
The only subextension where p ∞ is unramified is
with c j such that deg DP
order that p ∞ decompose in this last extension it is necessary that γβ
Thus, let
Case 2 Now we consider the case l | deg
, . . . , l P r−1 P ar−1 r
, . . . , l P r−1 P ar−1 r . We have obtained the result of Peng:
Theorem 3.4 (G. Peng [13] ). Let D = P e1 1 · · · P er r ∈ R T be a monic l-power free polynomial, where
Cyclic extensions of degree
Since K/k is geometric, we have that at least one a i must be 0. Let χ D be the Dirichlet character associated to E := k(
Therefore M := E 1 · · · E r is the maximal abelian extension of E unramified at every finite prime. Now the ramification index of p ∞ in E/k is l n−t where deg D = l t s, gcd(l, s) = 1 and t = min{n, t }. Let deg
We may order the product P 
and the ramification index of
. Let E ge be the genus field of E. Then E ⊆ E ge ⊆ M and [M :
where D(S ∞ (E)) denotes the decomposition group of S ∞ (E) in M/E ge . Now
That is, the minimum value of {a i + b i | 1 ≤ i ≤ r} is achieved at least twice.
Let u be such that a u + b u < t ≤ a u+1 + b u+1 . We assume u ≥ 2.
We define E i as follows. If l n−ai−bi ≤ l n−t , equivalently if t ≤ a i + b i , then E i = E i since the ramification index of p ∞ in E i /k is less than or equal to l n−t . In other words,
For 2 ≤ i ≤ u, we define E i as follows. We consider the special case
where n − a i − (b 1 + m i ) = n − t and gcd(y i , l) = 1. That is we choose x i such that the ramification index of p ∞ in E i /k is l n−t . We will see that this is always possible. Recall that b i = b i in this case. 
Therefore we need x i such that
Therefore, we need z i , y i ∈ Z such that gcd(y i , l) = 1 and In short, let
and the ramification index of p ∞ in E i /k is l n−t .
Finally let
where we choose w ∈ N ∪ {0} such that E ⊆ M 1 := E 1 E 2 · · · E u E u+1 · · · E r = E ge . We will prove that this is possible. Let
where the sign ± is chosen to be (−1) deg Q , where
We want w to be chosen so that
From (4.4) we have that E ⊆ M 1 if w ≡ α 1 mod l n . From (4.6) we have that w ≡ α 1 mod l n iff there exists κ ∈ Z such that
follows that (4.7) can be solved for κ, w ∈ N. Observe that l t−a1−b1 | w, that is, w = l t−a1−b1 ρ for some ρ ∈ N. With this w we obtain
We have deg P Since KF q m /K and E ge /E are unramified, we obtain that E ge K/K is unramified. Also, because S ∞ (E) decomposes fully in E ge , S ∞ (EK) decomposes fully in E ge K. Now, S ∞ (E ∩K) has inertia degree one in E/E ∩K so S ∞ (K) has inertia degree one in EK/K. Therefore E ge K ⊆ K ge . Finally, if C := K ge,m ∩k(Λ N ), on the one hand E ge ⊆ C and on the other hand C/E is unramified since K ge /EK is unramified; also S ∞ (E) decomposes fully in C/E. It follows that C = E ge . By the Galois correspondence, we have K ge,m = E ge,m . Now K ge,m /E ge,m K is an extension of constants and the field of constants K ge,m is F q t where t is the degree of any infinite prime in K. It can be proved that F q t ⊆ E ge,m K. The result follows.
In our case, E = k l n (−1) deg D D). Therefore we obtain our main result.
